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Abstract. We extend results of CafTarelli-Silvestre and Stinga-Torrca regarding a characterization 
of fractional powers of differential operators via an extension problem. Our results apply to gen- 
erators of integrated families of operators, in particular to infinitesimal generators of bounded Co 
semigroups and operators with purely imaginary symbol. We give integral representations to the 
extension problem in terms of solutions to the heat equation and the wave equation. On the way, 
a formula for fractional powers of generators of integrated semigroups is shown, that generalizes 
the well-known formula for Co semigroups. To get an approximation result for the solution to the 
extension problem, we give a theorem on the growth of perturbated tempered o-times integrated 
semigroups that could be of independent interest. 



1. Introduction and main results 

Motivated by the study of regularity properties of solutions to nonlinear equations involving the 
fractional Laplacian (— A)'^, < cr < 1, L. Caffarelli and L. Silvestre looked for solutions of the 
Bessel-type differential equation 

^'■'^ 1 "(0) = / 

where / € L^(K") and u : [0,00) — >■ L^(R") is of class C^. They interpreted the function u satisfying 
the equation above as the harmonic extension of / to a fractional dimension 2 — 2a. Then u is given 
by a Poisson type integral formula in terms of /. The remarkable property widely used in applications 
is that the nonlocal operator (— A)'^ acting on / in the domain of A is localized through u. More 
precisely, there exists a constant Co- < such that 

(1.2) hm = c^(-Ar/, 

see [4] . For applications of the method see for instance [3] and [5] . 

Let us consider the extension problem (1.1) with A being replaced by a generic (closed) linear 
operator A. In [31], P. R. Stinga and J. L. Torrea gave a novel point of view to the extension problem 
by introducing the language of operator semigroup theory. This allowed them to get a general Poisson 
formula in terms of the semigroup e*"^ and to get a Harnack inequality for the fractional harmonic 
oscillator. Moreover they analyzed the extension problem using Bessel functions. On the base of 
those tools they extended the CaffarcUi-Silvestre theorem to a fairly general class of positive second 
order differential operators D = —A on L^-spaces in domains of M". Such a class includes, for 
instance, the Laplacian in bounded domains and elliptic Schrodinger operators D — — div(^V) + V 
with suitable potentials V . Subsequently, the approach to the extension problem given in [31] has 
been applied in [32] to get Harnack's inequalities for fractional powers of elliptic differential operators 
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(both with discrete or continuous spectrum), and in [30] to obtain a boundary Harnack's inequahty 
for the fractional Laplacian on the torus. 

Nevertheless, the results of [4] and [31] do not seem to apply, totally or partially, to other important 
differential operators as, for example, those having purely imaginary symbol, in particular the free 
Schrodinger operator A = iA, or those operators pointed out in Section 2 below. On the other hand, 
besides its theoretical significance (see [36] for instance), fractional powers of operators appear in 
many concrete settings. They occur, for instance, when considering fractional kinetics and anomalous 
transport [37] , in fractional quantum mechanics [22] and fluid dynamics [5] , and also in mathematical 
finance when modeling with Levy processes [3]. Recently, the characterization (1.2) given in [4] has 
been used to show that the fractional Laplacian (— A)"^ coincides with a certain conformally covariant 
operator on the hiperbolic space R" x M+ from which is to be seen as its boundary; see [7]. 

Hence it sounds sensible to characterize fractional power operators (—A)"^ , in terms of solutions of 
local equations like in (1.2), for the widest possible class of operators A. In the present paper, we 
show that the semigroup structure revealed in [31], as underlying problem (1.1), can be subsumed 
in a more general framework which includes generators of a-times integrated semigroups and certain 
distribution semigroups. Working within that wider setting, we cover a wide range of important 
operators. Moreover, we are able to find a new expression for the solution to the extension problem 
that involves the solution to the associated wave equation. 

To state the two main results wc quickly introduce some notation and definitions. Let B(X) denote 
the Banach algebra of bounded operators on a Banach space (X, \\ ■ ||). For a > 0, let {Ta{t))t>o be 
a strongly continuous on [0, oo) family in B{X) such that sup^^Q t~"||r„(t)|| < oo. 

Suppose that there exists a (unique) closed and densely defined operator A on X, and such that 
A — ^ is invertible whenever 3?A > 0, with resolvent function 



Then we say that {Ta{t))t>o is a globally tempered (or tempered, for short) a-times integrated semigroup 
in B{X), and that A is its generator. Analogously, if {Ta{t))t>o and A are as before but, instead of 
(1.3), they satisfy the relation 



then we say that {Ta{t))t>o is a tempered a-times integrated cosine family in B{X) with generator 
A (see [12], for instance). Cosine families extend to M as even functions. Generators of integrated 
semigroups or integrated cosine families admit fractional powers {—A)"' in the Balakrishnan sense for 
every < ct < 1, see (4.5). 

By W" we denote the Weyl fractional derivative, see Section 3 for definitions. For real 9 such that 



< 61 < tt/2, set Se = {zeC: |argz| < 0} if > 0, and So = (0,oo). Put C+ ^ {z € C : 

3fiz > 0}. 



Theorem 1.1. Fix a > 0. Let A be the generator of a tempered a-times integrated semigroup 
{Ta{t))t>o Q B{X) and < a < 1. Then a solution u : S^/^ — > B{X) to the (vector-valued) 
differential equation 



(1.3) 




5RA > 0, f ex. 



(1.4) 




(1.5) 




is given by 



(1.6) 




This solution is uniformly bounded on subsectors of S^/^; that is, there exists C > such that 

Mz)\\<C\\f\\, forallzeS,,, 

for every rj such that < r] < 7r/4. 
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Moreover, if f (z ^{A), the domain of A, then 

(1.7) lim ^^^4^ = ^A~Arf - ^ \im z'-"'u'iz), 

where = ^~''T[—a)T{a)~^ < and both limits hold through proper subsectors of S^^/^. 
Conversely, for f G 'D{A) and z e S^/^, we have 

(1.8) u{z) = liin, -— / — T^m-AYfdt, 



where the limit holds uniformly on compact subsets of 3^^/^, and, for f € T^{A) and z G 3^^/^, 
(1.9) u{z) = f + -— W^i \T„{t){~AYfdt. 



Remark 1.2. Formula (1.9) extends the solution u which is initiaUy defined on the open sector 6*7^/4 
to its closure, the closed sector 5^/4. 

Each of the equalities in (1.7) can be seen as a limit of localizations of the (in general) nonlocal 
operator {—AY. The second one provides, in analogy to which is obtained in [4] and [31], the 
characterization of the fractional power (—AY as a correspondence from the Dirichlet boundary 
condition / e 'D{A) to the Neumann-type boundary condition lim^_j.o+ z^^^'^u'(z). 

As we mentioned before, we get a new formula for the solution u in terms of the solution to the wave 
equation. The following is the result we obtain if one replaces the integrated semigroup in Theorem 
1.1 with a globally tempered integrated cosine family. This gives us more formulas to be added as 
solutions of the extension problem (1.1). 

We will use the notation Ca{t) replacing Ta{t) to refer to cosine families. 

Theorem 1.3. Let A be the generator of a tempered a-times integrated cosine function {Ca{s))g^^ C 
B{X). Then the extension problem (1.5) for A admits a solution u{z) holomorphic in z £ given 
by 



(1.10) n{z) = d^j^ ^"(^ (,2 + ,2).+l/2 jg^W/^^^ 
where d„ = 

In addition, if f & T^{A) then the solution u{z) can be alternatively written for z G C+ as 

(1.11) u{z)^f + K,j^W^({z^ + t^Y''/^-t^"'') c^{t){-AYfdt, 
whenever a =1 1/2, for — '^^y^p^^j* , or 

u{z) = f + ^j^W'^ (Log {-^) ) C^m-AY'^f dt, 

if a = 1/2. Here Log is the principal branch of the logarithm with argument in [0, 27r), and the 
fractional powers appearing in the integrals are referred to this logarithm. 

In the classical case ^ = A on M^, the integrated cosine family in the statement above Va{t) = 
Ca{t)f provides by derivation a mild solution to the wave equation with initial data / and null initial 
velocity 

<(t)-Aw„=0, t>0. 

The representation of the solution to the extension problem via the solution to the wave equation as 
in (l.lO)-(l.ll) is new. In the case of (1.1) it reads 
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for a > {N ~ l)!^ ^ since this is the value of a for A to generate an integrated cosine family, see 
[12, Proposition 3.2]. 

Uniformly bounded Co-semigroups are globally tempered with a = 0. Then Theorem 1.1 extends 
in particular the results obtained in [4, Sections 2 and 3] and [31, Theorem 1.1] to all infinitesimal 
generators of bounded Co -semigroups of Banach spaces. An important class of these semigroups are 
the so-called bounded analytic semigroups (T(z))zeSe on sectors of the complex plane. It is known 
that a closed operator A is the infinitesimal generator of such a semigroup T{z) if and only if it is the 
generator of a tempered integrated cosine family. Hence, one can express the solution u of (1.1) for 
such an operator A by any of the formulas contained in Theorem 1.1 and Theorem 1.3. 

As regards more differential operators other than those considered in [4] and [31], and to which 
Theorem 1.1 applies, one gets the differential operators A on L''(K") whose symbols are of the form 
iq{£,), S, G M., where g is a real elliptic polynomial or a C°° homogeneous function on R" \ {0} such 
that g(^) = implies = 0. Among them, there are the operators 9^"~^/(9a:;^"~^, n G N, in particular 
the operator d^/dx^ associated with the Korteweg-de Vries equation [17], or operators of the form 
A ^ iL for suitable Laplacians L on Riemannian manifolds or Lie groups [6, 8, 9]. 

For the convenience of prospective readers, we collect in Section 2 a more detailed list of the 
examples mentioned above, as well as some short proofs of corollaries deduced from Theorem 1.1. So 
we give there the proof of Theorem 1.3 as part of these consequences. 

To prove Theorem 1.1 we use arguments which work in an abstract framework of Banach algebras 
and operator semigroup methods, so they avoid the dependency on the Fourier transform (and the 
Perron method) as in [4] or on spectral methods (and the use of Bessel functions) dealt with in 
[31]. First we check a variant of equation (1.5) on some specific scalar functions; see Lemma 3.1 
(ii) and Lemma 3.4 (iii). One of these functions lies in a suitable Sobolev algebra T'"''(t"); which 
is a convolution Banach algebra defined by means of Weyl fractional derivatives W^; see Section 3. 
Then, via bounded algebra homomorphisms with domain T^°'\t") (which play the role of distribution 
semigroups), the properties of these functions are transferred to operator semigroups. 

On the way a new formula for the Balakrishnan fractional power (~A)°' is given in Theorem 4.1 
below in terms of the integrated semigroup Ta{t): 



This formula is to be used in the proof of Theorem 1.1. We also establish in Theorem 4.2 a result on 
additive perturbations with the identity A — e, e > 0, of generators A, which might be of independent 
interest. Here, it is used to give a corohary about convergence of solutions Ue of equation (1.5) for 
perturbations A — e. This corollary is proved in Section 2. Other perturbation properties of generators 
of integrated semigroups can be found in [35]. 

Section 3 collects some preliminary results about functions in convolution Sobolev algebras. Section 
4 contains, besides the proof of Theorem 4.1, the perturbation theory for globally tempered integrated 
semigroups. Finally, in Section 5 we prove Theorem 1.1. 

Throughout the paper we assume the constant convention; that is, the same letter, say C, usually 
taken through the text as playing the role of a constant, may well have different values from a line to 
another. 



2. Applications and related results 
We start with a direct consequence of Theorem 1.1 and the results on perturbations of Section 4. 

2.1. Approximation by perturbations. Let A be the generator of a globally tempered a-times 
integrated semigroup Ta{t) and put A^ := ^ — e for e > 0. By Theorem 4.2 below, A^ is also the 
generator of a globally tempered a-times integrated semigroup Ta,e{t)- We have the following result 
about approximation of solutions of equation (1.5). 
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Corollary 2.1. Let u and be the solutions of problem (1.5) which correspond to the semigroups 
Ta{t) andTa,e{t) respectively. Then 

lim Ug(z) = uiz) 

e-i-0+ 

in the norm of X and uniformly in z running over compact subsets of the sector 

Proof. From the formula for Ta^eif) established in Theorem 4.2 one has that limg^o Ta^^{t)f = Ta{t)f 
for every t > 0, f G X . On the other hand, if iiT is a compact subset of 5*^/4 then one has that the 

function defined by ^x^t) := sup^^g^ |Vl^"(e"^^/^V*"^''''^)l is integrable on (0,oo). Then it is 
enough to apply dominated convergence in formula (1.6) for Ta^e{i) to get the result. □ 

2.2. Bounded Co-semigroups. As pointed out before, Theorem 1.1 is also valid for infinitesimal 
generators A of uniformly bounded Co-semigroups. In this case such semigroups can be seen as the 
solution to the heat equation for A, 

w'{s) ^ Aw{s), s>0; 
w{0) = /, fex. 



(2.1) 

The result reads as follows. 



Theorem 2.2. Let A be the generator of a bounded Cg-semigroup (T(t))f>o C B{X). Fix < it < 1. 
Then a solution u : 5^/4 — > B{X) to the differential equation 



is given by 



u"{z) + u'{z) = -Au{z), z e 5^/4; 

lim u{z)^f, /eX,0<7?<7r/4; 



e-^ /(4t) 



(2.2) u{z) = ^^J^ ———T{t)fdt, zeS^/i. 

This solution is uniformly bounded on subsectors of 

Moreover, if f G 2?(yl) then one can express the fractional operator {—A^ by 

(2.3) lim = c„{-AYf = ^ lim zi-2-u'(z), 

where Ca = 'i^''T{—a)T{a)~^< and both limits hold through proper subsectors of 
Conversely, for z g S^^/^ and f e 'D(A), we have 

r°° p-^V(4t)p-Et 

(2.4) u{z)=\un — T{t){-Arf—- 

6^0+ Jq t^ " T{a) 

where the limit holds uniformly on compact subsets o/S'^/4, and, for f G 'T>{A) and z G 8-^/4, 

(2.5) u{z) = f + ^J^ — T{t){-Arfdt. 

Formulas (2.2), (2.3) appear in [31, Theorem 1.1], where they are obtained for generators of semi- 
groups arising as differential operators acting on L^(r2), for J7 open subset of M.^ . Theorem 2.2 above 
is valid for all infinitesimal generators of bounded Cg-semigroups on Banach spaces, so it supplies the 
widest possible extension of [31, Theorem 1.1] in the setting of operator semigroups; in particular it 
applies to (the suitable ones) differential operators on L^(fi), 1 < p < 00. The proofs of (2.2) and 
(2.3) given here, in Section 5 below, are different from those given in [31, Theorem 1.1] and do not 
rely on the spectral theorem or the Fourier transform. 

Formulas (2.4) and (2.5) arc new. The weight e~^* and corresponding limit in (2.4) must be 
included because the vector-valued mapping t n- e~^ /^''■t'^~^T{t){—AY f is not necessarily Bochner- 
integrable on (0,oo) in general. When the space X is assumed to be reflexive and A is a (generally 
unbounded) spectral operator of scalar type (see [10] for the basic theory and L°°-functional calculus 
of these operators), the weight and limit can be removed from (2.4). In fact, we have the following 
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Proposition 2.3. Let X be a reflexive Banach space. Suppose that A is a spectral operator of scalar 
type with spectrum in [0, oo) and spectral measure E{X). Let (r(z))sjf2>o denote the holomorphic 
semigroup in B{X) generated by A. Then there exists a solution of the boundary value problem 

( u'\z) + ^u'{z)^-Au{z), forzeS^/^; 

< lim uiz) = f, /or/eX, 0<7/< f; 

which satisfies (2. 2), (2. 3), (2. 5) of Theorem 2.2 and, furthermore, 

«W = ^y^ —^T{t)(-AYfdt, zes,/,, feV{A). 

Proof. By the L^-functional calculus for A (see [10, Theorem 11 c)] one can write 

T{t){^Arf^ / e-*^A'^dii;(A)/, /ex, 
Jo 

so that for every ^ in the dual space X' we have 

/>oo 

(t>{T{t){-Arf) = / e-'^X^dEf^^{X), feX. 



Here Ef^^{X) is the complex measure defined by Ef^^{X) (f>{E{X)f). Then, for a ~ ^{z'^), 

-ajit poo pea ~a/At 

-^\cf>iTit){~Arf)\dt< -^X^e~''dtd\Ef,4X)\ 

< / / r^-^e-^drd\Ef,^{X)\ 



= T{a) d\Ef^^iX)\<C\\f\\m. 
Jo 

It follows that the integral of the statement is absolutely convergent and therefore we can apply the 
dominated convergence theorem in (2.4) to obtain the result. □ 

The result above applies to every self-adjoint closed operator on a Hilbert space, so in particular to 
non-negative self-adjoint differential operators on L^ spaces. Hence Proposition 2.3 extends formula 
(1.7) of [31, Theorem 1.1]. 

2.2.1. The case of analytic semigroups. Many interesting examples of Co-semigroups turn out to be 
analytic and bounded in sectors. 

Definition 2.4. Let 6 E (0,7r/2). An analytic semigroup {T{z))zeSo ^ ^i^) on is said to be 
bounded if lim^_i.o T{z)f = f and ||r(z)|| is bounded on every proper subsector of Sg. 

Remark 2.5. As a matter of fact, one has that if A generates a uniformly bounded Cg-semigroup then 
the fractional power operator —{—AY is the infinitesimal generator of a bounded analytic semigroup 
for < p < 1; see [1, p. 238] or [36, p. 263]. 

Next, a collection of examples of bounded analytic semigroups is listed for further reference. All 
these examples arise in a common setting. We assume that (M, d, fi) is a metric measure space where 
M has regular volume growth (that is, M satisfies the double volume property), see [6], or, more 
generally, the volume of balls in M is of polynomial growth in radii at and at infinity, see [8, 9]. 
Additionally, it is usually assumed that, for some open subset il of M, L is a non-negative self-adjoint 
operator on L^{H, fi) such that the semigroup e~*^ has an integral kernel pt which satisfies a pointwise 
Gaussian upper estimate of order 2 [8] or, more generally, of order m > 2 [9, 6]. 

Under the type of conditions above there exists a real number r > such that the semigroup 
^-tir+L) admits an extension as a bounded analytic semigroup in C+ from LP{ri) into itself. Note 
that this means that for some v > and a constant C^ t- the property 

(2.6) ||e-i||<C,,.e-^'~('M') , , ^ C+ , 
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is fulfilled for the norm, in this case. See [8, Lemma 2], [9, Theorem 20 and 25], [6, Theorem 4.3]. 

Example 2.6. Among the infinitesimal generators of semigroups which satisfy property (2.6) one 
has the following. Note that according to Remark 2.5 every fractional power, in particular the square 
roots, of any of such examples also satisfies (2.6), though it may well be with different exponents v, 

T. 

(i) The Laplacian —A or, more generally, Schrodinger operators L := —A + V with V in the Kato 
class, and magnetic Schrodinger operators acting initially on L'^{M.^) [8, p. 178], [6, p. 303]. 

(ii) Laplace-Beltrami operators acting on complete Ricmannian manifolds of bounded geometry or 
with non-negative Ricci curvature [8, p. 178], [6, pp. 299, 302]. 

(iii) Uniformly elliptic differential operators, of second or higher order, with measurable coefficients 
acting initially on i^(il) for f2 = or a compact Riemannian manifold without boundary [8, 
p. 178], [9, pp. 159, 162, 165]. 

(iv) Bochner Laplacians acting on sections of vector bundles [8, p. 178]. 

(v) Sub-Laplacians acting on Lie groups of polynomial growth and stratified nilpotent Lie groups; 
see [6, p. 299] and references therein. 

(vi) Distinguished sub-Laplacians acting on the Heisenberg group [27], [28], and generalized Heisen- 
berg groups [29, Proposition 2.4.1]. 

Remark 2.7. As said before, in the examples above the semigroups are given by integral operators 
with corresponding integral heat kernels pt- By writing down these kernels into formula (1.6) and 
applying Fubini's theorem we obtain Poisson formulas for the solution of the extension problem related 
to the fractional powers of the generators of these semigroups. In particular, if we do so with the 
Laplacian in R" then wc recover the Poisson formula given in [4]; see also [31]. 

Bounded analytic semigroups not only supply examples to which Theorem 1.1 applies. They also 
yield interesting integrated families of operators. We will deal with these cases later on. 

2.2.2. The extension problem and the wave equation. Let A be a closed and densely defined operator 
on a Banach space X . The wave equation for A with null initial velocity is 

( w"{s) ^ Aw{s), s>0; 

(2.7) <^ w{0)^f, feV{A); 

[ w'(0) = 0; 

It is known that equation (2.7) admits a unique classical solution if and only if A is the generator of 
a cosine function Co(s), with w{s) = Co(s)/ [16, Theorem 8.2]. When A generates a z/-times integrated 
cosine function C^{s) with > then it is still possible to find mild solutions to problem (2.7); see 
[2]. 

The following result is implicitly contained in [12] and [23] altogether. For the sake of completeness 
we outline a proof of it. 

Lemma 2.8. The operator A generates a globally temperated integrated cosine function if and only 
if A is the infinitesimal generator of a bounded analytic semigroup on . 

Proof. Suppose that A is the generator of an a-times integrated cosine function Cq such that |lCa(s)]l < 
CJsl", s G R. Then the operator T(z) in B{X) defined by 

(2.8) T(z)/:= / M^M^^ C(s)/ds, feX,zeC+, 



is a holomorphic semigroup generated by A and such that ||T(z)|| < C(|z|/3?z)"+''^/^-', for all z G C^". 
(This fact is shown in [23, p. 142] for positive integer a; for any fractional a the proof is similar). 

Conversely, suppose now that A is the infinitesimal generator of an analytic semigroup {e^^)9tz>o 
satisfying ||e^^|| < C{\z\/nz)", for all z G C+ and some a > 0. Then —\/—A generates a holomorphic 
semigroup such that ||e-"'^|l < C{\z\/^z)f^, for ah z G C+ and /? = a+(l/2); see [12, Theorem 4.1], 
[15, pp. 342, 343]. Hence i^/—A generates a /3-times integrated group Tp{it) with ||T)3(it)|| < C|i|'', 
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t g M (note Theorem 2.9 below). Finally, it follows from [12, Lemma 3.1] that A {iy/^A)'^ 
generates a /3-times integrated cosine function := {Tp{it) + Tp{—ii)) /2, which obviously satisfies 
llC/j(t)!l <C|tp,foraUteM. □ 

We next proceed to give the proof of Theorem 1.3. So we assume that A is the generator of an 
integrated cosine function Cq,(s) such that |jCa(s)|| < C|s|", s e R. Notice that, according to the 
argument employed in the preceding lemma, the exponent above would be a + 1/2 if we had started 
assuming that A is the generator of a bounded analytic semigroup as the one in (2.6) with v = a. 

Proof of Theorem 1.3. Substituting the expression of T{t) given by (2.8) in the formula (2.2) of uiy) 
with y > one gets 



y2a 



0rr(f^) Jo \{y^ + s^y+y^ 

as it was wanted. 

Let us now assume that / e T^{A). Putting (2.8) in (2.5) we have for every y > that 

u{y)-f = fiaj^ W"U A__ ^_jc,(,)(_A)Vd., 

where /io- = {y/TTT{(T))^^ . 

/•oo 

In order to compute i^(s,y) := / e"^'/(^*^(e"^''/(''*)-l)r"^/^dt, note that this integralis analytic 
in 5Rcr < 3/2. For a while, suppose that a is such that < a < 1/2. Then, for s, y > 0, 

f oo ^-^{s-W)/m dt re-'"/^^'Ut 

F[s,y) 



4(i/2)-r(l/2 - a) ((^2 + 2;2)-i/2 _ (.,2)^-1/2^ 



If cr = 1/2, a = (s^ + y2)/4 and b = 5^/4 we get by partial derivation in a and b under the integral 
that 

-a/t _ -b/t\^ _ f /„-ar „-br\ d-f 



Fis, y) = / (e--^/^ - e-"'')- = / {e''^^ ~ e'"^) - 
Jo ^ Jo f 

= log(Va) = log ^ ^2^ ' ^'^^ y > 0- 

This proves the theorem. □ 

2.2.3. Boundary values as integrated groups. Boundary values of analytic semigroups in C"*" give rise 
to important integrated groups or semigroups. The following theorem is [11, Corollary 5.3], see also 
[12, Theorem 2.3]. 

Theorem 2.9. Let v > and let H be the infinitesimal generator of an analytic semigroup T{z) in 
C"'' . The following assertions are equivalent. 

(a) For all a > V there exists r > such that the semigroup T{z) satisfies estimate (2.6) with some 
constant Ca.r- 

(b) For all a > v the operator iH generates a globally tempered a-times integrated group Ta_{it), 
t G R, of growth a. 
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According to this resuh, Theorem 1.1 apphes to A = —iL for L any of the operators included in 
Examples 2.6. These cases deserve a particular digression, which is done in the next subsection. 

2.3. Operators iH. Let H be the infinitesimal generator of an analytic semigroup in C+ satisfying 
the estimate (2.6) and let a > v. Then, by Theorem 2.9, iH generates an a-times integrated group 
Ta{it) such that 

< c|t|", teM. 

Let us consider the extension problem (1.5) for A ~ iH and cr = 1/2: Uyy = —iHu, u{Q) = /. It 
is very simple to find a solution of this problem. Actually, it is enough to take the solution v{z) = 
p-z-Z^j^ (z e C+) to the problem (1.5) for A = y/^, a = 1/2, and make ^(y) := v{{V2/2){l + i)y), 
y e R. Clearly, the existence of this solution is possible because the semigroup e^*^^"^, t > 0, admits 
an analytic extension to C+. 

Let now assume that ct 7^ 1/2. Once again the function u{y) := w((-\/2/2)(l + i)y) is the formal 
solution in Theorem 1.1 of (1.5) for the integrated group Ta{iy) in this case, if v is the solution in 
Theorem 2.2 of (1.1) for the semigroup e~*^^^. However, to give a sense to the function above one 
needs that e^*^^^ admits an extension up to the boundary of 5*^/4 at least, and that e~*^~^ is 
bounded on (0, 00) (for which t must be zero in (2.6)). Thus we get the following corollary. 

Corollary 2.10. Let H be the generator of an analytic semigroup e^^ satisfying, for some a,T > 0, 

Let Tctiit) he the globally tempered a-times integrated group generated by iH . Let a ^ 1/2. Then 

(i) the problem 

has a solution given by formula (1-6), and also by (1.8) or (1.9) if f (z P(if), with Ta{it), t G in 
the integrals; 

(ii) in the case when r = and f G D{^/^H) that solution u coincides with 

u{y)^v{{V2l2){l + i)y), y G M, 
where v is the solution to the problem 



' ^^(0) = / feViV^), 

given by formulae (2.4) or (2.5) applied to the semigroup e~''^^^ . 

The case <t = 1/2 is trivial, as seen prior to the theorem. 

Remark 2.11. Since an operator H as in the corollary above generates a globally tempered cosine 
family C/3(s), the solution u to equation (2.9) can be also expressed as u{y) = v{{V2/2){l + i)y), for 
J/ G K, where v is the solution of (2.10) given by the integral formulas (1.10), for any f G X, and 
(1.11) associated to C^(s). 

Thus the corollary applies to all the examples H = —L listed in Example 2.6. Among them we 
have the Schrodinger operator iA which is related to the Schrodinger equation of quantum mechanics 
[22] . In this case one can obtain solutions to the degenerate equation with complex coefficients 

iAu + Uy + Uyy = = dlv {M ■ Vu) , in R" x (0, oo); 
u{x,0) = f{x), onR"; 

with the (n + 1) X {n + 1) diagonal matrix AI = diag(i, . . . ,i, y^~^'^), which, by Theorem 1.1, satisfy 
the LP estimate 

sup \\u{y)\\ ^p(R„) < C 11/11 ^p,jj„) . 

y>0 



10 



J. E. GALE, P. J. MIANA, AND P. R. STINGA 



Note that the coefficients of the equation above are not bounded, so the theory of elliptic equations 
with complex bounded measurable coefficients does not apply to it. 

Fractional Schrodinger equations of the form vt = (— zA)'^w, v{x,0) = f{x), can be studied as 
limit cases when z — >■ i of equations vt = {—zA)''v for Jftz > 0, see [22, p. 283]. By Theorem 1.1 
such a fractional Schrodinger equation can be written in the following equivalent form for a function 
u — u{x, t, y): 

( jAu + My + Uj^j, 0, in M" X M X (0,cx)); 

\ Ut(x,i,of+ 2^ lim j/i-2.uy(a;,t,y) = 0, in R" x M. 

Note that the operators H considered in the preceding lines have all real spectrum. In other words, 
they arc particular cases of operators with pure imaginary symbols. We discuss this more general 
class of operators in the next subsection. 

2.4. Operators with pure imaginary symbol. Conditions for operators A with purely imaginary 
symbols to generate integrated semigroups have been thoroughly studied by M. Hieber in a series of 
papers; see [17, 19, 18, 21, 20], or [1, Part C]. As a consequence of such an investigation we can apply 
our Theorem 1.1 to the following classes. 

(1) Operators A for which their symbols A are given by ^(<^) = ^ , where (j is a real 
elliptic homogeneous polynomial or a real homogeneous C°° function on \ {0} such that ^ = if 
q[S,) ~ 0. They generate globally tempered integrated semigroups; see [17, Theorem 4.2]. 

This result provides us with a lot of examples. In particular we can emphasize on the linear operator 
= d'^/dx^ associated to the general Korteweg-de Vries equation, 

(2.11) dtu::^ ~dlu + d^Piu), {x,t)eR'^, 

where P(u) is some polynomial {P{u) ~ 6u for the usual Kortcweg-dc Vries equation). It is known 
that solutions of equation (2.11) can be constructed out from solutions of the equation 

(2.12) dtu = -d^u, (x,^)(EM^ 

see [33] and references therein. (In turn, a solution to the linearized KdV equation Vt = —Vxxx is given 
by v{x,t) = t~^/'^'w{x / (itY^'^) where w is a solution of the homogeneous Airy equation Wxx — xw = 
[34, pp. 129, 130]). 

By the aforementioned results of Hieber we have that the operator 9^ is the generator of a globally 
tempered a-times integrated semigroup on L''{M.) for a > |l/p— 1/2| [17, p. 15]. Hence Theorem 1.1 
holds also true for that operator, so that 9| can be added to our examples. 

Also in this case. Theorem 1.1 implies the following corollary. 

Corollary 2.12. The problem 

Uy + Uyy = Uxxx, 171 R X R X (O, OO ) ; 

ut{x,t,0) - \im y^-'^''uy{x,t,y) ^0, in M. x R; 

is equivalent to the fractional Korteweg-de Vries equation 

( wt = {-dxxxTw, inR"^, < a < 1; 
\ w{x,0) = fix), onR. 

with w{x, t) = u{x, t, y) . 

(2) Operators A = P{D) on iP(M^)'", with 1 < p < oo, arising in symmetric hyperbolic systems 
like Maxwell's equations, elastic waves in homogeneous medium, or neutrino equation. If the symbol 
of these operators is homogeneous then P{D) generates a globally tempered integrated semigroup. 
See [18, Corollary 3.2 and Section 4]. 

(3) Operators with symbols which are homogeneous coercive polynomials on R^ and have spectrum 
contained in a half-plane [21, Theorem 5.7]. 

(4) Pseudodifferential operators on with spectrum within a half-plane and homogeneous symbol 
[20, Theorem 4.6 and Remark 4.7 b)]. 
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3. Functions in convolution Sobolev algebras 

For a > we define the Banacli space of Sobolev type T^°'\t°') as tlie completion of the test 
function space C^[0, oo) in the norm 

ll^ll(.) ■■= r(aVl) /°°'^"^^^^'^"^^' ^€^^[0,00). 
Here W^ip is the Weyl fractional derivative of of order a given by the formulae 

1 f°° 

and 

W^Xs) :=(-l)"^VK-M5), s>0, 

where /? = n — a, with n = [a] + 1. In fact, the mapping from C^[0,oo) into itself given by 
(p{t) I — t°'W°'Lp{t) extends to a Banach isomorphism from T^°'\t°') into i^(R+), so that a function 
belongs to T^") (t") if and only if there exists g € Li(R+, dt) such that 

1 f°° 
T{a) 

Then we put g := W°'(p. Note that W = for every n e N U {0} and that W^+^Lp = 

W°'{W^ (p) whenever the composition has sense. 

We also have the inclusions C;?°[0,oo) ^ 5[0,oo) ^ T'-'^^t'^) T^°'^{t") ^ r*"^*") = ^^(1*+), 
whenever /3 > a > 0, where 5[0,oo) is the restriction of the Schwartz's class 5(R) to [0,oo). These 
inclusions are continuous for the usual topologies in C^[0, oo) and 5[0, oo), and the norms || • 
a > 0. 

Furthermore, T^")(<") is a Banach algebra with product defined by the convolution on , which 
in this paper means that the convolution is jointly continuous with respect to the norm || • See 
[13, 14, 26] for these and some other properties of the Banach algebras T^^^t"). We will refer to 
these algebras here as (convolution) Sobolev algebras. 

In the remainder of this section we give some properties of three functions 6'^'^, B'^'^ and in 
connection with the Sobolev algebras. Such functions are important in the proof of Theorem 1.1, see 
Section 5 below. 

Given cr > 0, define 

2(7 -zV(4t) 

(3.1) 5-^(t):=^^^j^, t>0,zeS^/,. 

Obviously, b"''' e Li(R+) for all cr > 0, ze Notice that, for cr = 1/2, the family 6^/2,^ jg ^he well 

known backwards heat semigroup (see [36, p. 262], for instance, for a proof of the semigroup property). 
Next we point out several identities concerning derivatives of the function b"'^ . In particular we will 
see that b°''^ belongs to the Sobolev algebras T'-"''(i") for any order of derivation a. 

Lemma 3.1. Let z £ S^^/^, cr > and n e N. 

(i) — b'^^^t) = \ yyi.n—-—\ 6--(i), unth dl„ e M. More precisely, for n = l, 

dt ^ ' XAt^ t J ^ ' 

an / " z^J"" 
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and 

(iii) The function h^'^ satisfies the differential equations 

d d 
2t— u{z, t) + z— u{z, t) = -2u{z, t), 
at oz 

and 

92 l-2cr a , , d , ^ 

—^u(z,t) H —u{z,t) = —u{z,t), 

oz'^ z oz at 

with the boundary conditions lim u{z,t) = lim u{z,t) = 0. 

Proof. Wc just compute ^he remainder of the proof is left to the interested reader. Put 

a ~ — For every m £ N and p = 1, . . . , m there are constants Cp,m G M, such that 

m 

(3.2) (e'^*")("^)W = (-l)"^Cp,„,(aAri-"e''*" = pMt)t-^e-'" , 

p=i 

where Pm is a polynomial of degree to, with Pm{0) = 0. Hence, for all n G N and tr > 0, 

n 

(3.3) (e»*"t-('^+i))(")(t) = (-1)" Cm,n,aPMt)t-^^+^+'^e-'~\ 

m=0 

f n\ f a + n — m\ \ 1 , . 

with po = 1, where Cm n a = [ ~ my.. By reordering terms, we get 

V?Ti/V n — m I 



(3.4) (e'^*^^t"('^+i))(")(t) = X^d^,„(a/t)'=i 



-((T+n+l)gat"i 



fe=0 



9" / " \ 

Therefore, -g-^b'^'^{t) = I ^ dj^ ^jp+n ) ^'^'^(*)' some real constants dj^, as claimed in the 
statement. □ 

Put e^{t) e"^* for aU e,t>0. 
Proposition 3.2. Let (&'^'^)zes„/4 be the family of functions defined in (3.1). 
(i) For every N G N, we have (6'^'^)^gs^/^ C T^^H^^) with 



N+a 

5R(z2~ 



\z\' 



Moreover, the map z 1 — 6'^'^, 8^^/^ — > T'^'(i^) is analytic. In consequence, {b'^'^)zes„/i is 
an analytic family of functions in 7~'"-'(t"), /or aZ/ a > 0. 

(ii) i^or every a > 0, the equality 

az^ z oz at 

holds in the Banach algebra T'"''(t"). 

(iii) For every e > and a> Q we have b'^'^e^ G T'-"''(t") and, if < a < 1 then lim£_j.o+ b'^'^e^ = 
b1 in the norm of T^"") (t"') , and uniformly on compact subsets of St^/^. 
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Proof, (i) Take z £ S^j^, cr > and e N. By Lemma 'i.l(i) 

N , |2(<j+j) „oo 



3=0 
N 

= E 



iV!r(a)5R(z2)-+.- J, 



N+(j 



where we have used the change of variable v? = 3?(z^)/(4t) in the equahty. Now we apply that 
T^^\t^) ^ r^°'^t") if iV > a to conclude that 6'^'^ G T^^^t"). 

The analyticity of the map z i — > b'^'^, z e 3,^/4 T''"''(i"), follows from its continuity (use the 
dominated convergence theorem) and Morera's theorem. 

52 9 d 

(ii) The assertion holds because, for z G 5*7^/4, the functions -—^h1, tt- K and tt belong to 

' oz-' oz at 

r^"^*") for every a > (see Lemma 3.1). 

(iii) Write a = -2^/4. It follows by (3.3) that, for n = 0, 1, . . . , and t > 0, 



fe=0 



< 



fc=0 



2k 



fc.-(o-+n+l) (SRa/2)t-i 



Hence, if if is a compact subset of S'7r/4 then there exist constants C^.k, Mk > such that 
Then, if < cr < 1, for every z S if we have 



N-l 1,00 



< E / |(&'''')^"n*)|e^""e-''*t^dt 
n=Q -^0 



if 



a 



'N-l 

.n=0 
'Af-l 



^l+a 



1-e' 



dt 



.n=0 



From here, by dominated convergence in the last integral we obtain that sup \\b'^'^e^ — 6° 
as e 0+. 

Remark 3.3. The Laplace transform of b'^'^ can be expressed as 

2l-<y 



\[N) 



0, 

□ 



(3.5) 



C{b'^n{w) 



r(a) 



where K„ is the modified Bcssel function of the third kind, see [24, p. 119]. Then the function A'o- is 
implicitly subject to the following estimates: for every a > 0, b'^'^ belongs to T^"-'(i") by Proposition 
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3.2, and therefore its Laplace transform lies in the algebra A^\<C'^) introduced in [14]. This means 
that £(6°''^) is continuous in C^, holomorphic in C+, and it satisfies 

lim w^C{b''-')''f'Hw) =0, < /3 < a; 

lim w'3£(6'"'^)(^'(w) = 0, 0</3<a. 

The space is a Banach algebra on C+ for the pointwise multiplication, which is formed by 

holomorphic functions possesing fractional derivatives up to the boundary of C+. For F in ^q"''(C+), 
the notation F'^^ refers to fractional derivative. 

For t,a > and z G 5^/4, define 

(3.6) i.-W:=4^(-) ^-W-J^^TZ^. 
It is readily seen that 

(3.7) z —B - 22.-ir(^) ^ ' 
where < cr < 1. 

Besides the preceding relationships between the functions h"'^ and B'^'^, we have the following 
identities involving B'^'^, whose proof is left to prospective readers. 

Lemma 3.4. Let z e S't/4,, t > and n G N. 

(i) — B--(t)= (^fcj-„_L_j B'^^^(t), mi/icoristontefcJ_„eMan(ifc^,„ = (a-l)---(a-n). 
/n particular, 

(ii) ^^B^^^-{t)^~^^B^-{t), and 



(iii) The function B"^'^ satisfies the differential equations 

d d 
2t— u(z, t) + z— u(z, t) = —2(1 — a)u(z, t), 
at az 

and 

52 , l-2cr a , , d , ^ 

— u{z, t) H -Tru{z, t) ^ — u(z, t), 

az'^ z oz at 

with the boundary conditions lim u{z,t) = lim u{z,t) = 0. 

Let h'^ denote the Heaviside-type function defined by 

h^t):^-^t^-\ t>0. 
1 (cr) 

Lemma 3.5. For a > and z G S'7r/4; we have B"'' = h" b"'^ ; namely, 

^"''(^) = -FrT f\s-tr-'b^^%t)dt, s>0. 
r(CT) Jo 
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Proof. For positive tr, z and s we have 

where we have done the change of variable Ar ~ t^^ — s^^ in the second equahty. From that, one gets 
that B'^'^ ~ h"^ * 6'^'^ for a,z > 0. Then this equahty extends to z G by the analytic continuation 
principle. □ 

Clearly, B"'''^ ^ L-'^(]R+), which is not good for our needs. However, the additive perturbation of 
B"^'^ implemented by h"^ fits very well in our setting. Recall that ee{t) = e~^* for e,t > 0. 

Proposition 3.6. Take < a < 1, z £ S^^/^. 

(i) The function B"^'' — h"^ , which is given by 

1 e-^''/^'**) - 1 
{B^^^ - hmt) ^ , fort>0, 



belongs to T^^H*^) for every N £ N, and 

\zl^ 

mz^yy 

As a consequence, [B"'^ — h'^)z^s„/i — T'"''(t"), for every a > 0. 
(ii) For every e > and a > 0, we have that {B"^'^ — h'^) is in T^"^(t"), and moreover 



lim (B"''' - h") e, = [B"'' - h") 



in the norm ofT^°'^{t"). 



Proof, (i) The expression of the function B"''^ — h"' follows rightly from the definitions. As regards 
the estimate of the statement, it is readily obtained using Lemma 3.4 (i). Item (ii) follows as in the 
proof of Proposition 3.2. We skip the details. □ 

Remark 3.7. For any w £ C+, one has £{h°'){w) = w~"' . Hence, if one takes Laplace transforms in 
the convolution identity of Lemma 3.5, on account of (3.5), one obtains 

Since B'^'^ — h" lies in T'"^(t"), we have that the function 

CiB"^' - h"){w) = (^^^{z^YK, {z^ - 1^ w-'', w £ C+, 

is subject for all a > to the same type of estimates as those mentioned in Remark 3.3. 

In order not to make this section too long we stop here giving the primary properties of significant 
elements of the Banach algebra T'-"-'(<"). Properties of other functions in T^°''>[t") which are directly 
related with specific operations on operators on Banach spaces are given in the next section. 

4. Fractional powers and perturbations of generators of q;-times integrated 

semigroups 

Let a > 0. The notion of a-times integrated semigroup was introduced by M. Hieber in [19], see 
also [1, Section 3.17]. Here we consider a-times integrated semigroups {Ta{t))t>o which arc globally 
tempered. Let us recall the corresponding definition given in the Introduction, which is implemented 
by formula (1.3) relating an a-times integrated semigroup with its generator: 

poo 

(4.1) (A - A)- V A" / e-^'Ta{t)f dt, SRA > 0, f £ X. 

Jo 
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Each uniformly bounded Cg semigroup (T{t))t>o is a tempered a-times integrated semigroup for 
a = 0. Other (non-trivial) examples of integrated semigroups have been given in Section 2. We will 
make usage of the following formulas or properties of integrated semigroups. 



• For f G X and (5 > a define 



t 



r(/3 - a) Jo 

Then T^(t) is a globally tempered /3-times integrated semigroup in B{X) with generator A as well. 

• For / e V{A), 

/■* 

(4.3) T^{t)f--——-f= T^{s)Afds = T^+,{t)Af, t>0; 

r(a + l) Jo 

see [19, Proposition 2.4]. 

• Clearly from the definition, the generator A of a globally tempered a-times semigroup satisfies 

(4.4) \\X{X- A)-^\\<C, foraUA>0, 

and then, for < cr < 1, the fractional power {—A)'^ (in the Balakrishnan sense) exists and is given 

by 

(4.5) {^Arf^^-^^^ry-'{X-A)-H-Af)dX, feV{A); 
see [36, p. 260] or [25]. 

• For e > and < tr < 1, the operator (e — A) also satisfies the estimate (4.4) and then 

(4.6) lim (e-A)-^-Arf^f, f eV{A)- 

see [25, Theorem 2.1 and Theorem 3.2]. 

We now give an extension, for general globally tempered integrated semigroups, of a well-known 
formula for Cp-semigroups; see [36, p. 260]. 

Theorem 4.1. Let A he the generator of a tempered a-times integrated semigroup {Ta{t))t>o and let 
a be such that < tr < 1. Then, for f e ^{A), 



r{-cT)T{l + a) Jo V r{a + 1) ■' J t''+"+^ 



Proof Set Ta+i{t)f / Ta{s)fds, / e X, as above. Take / e X>(A). Since Ta+i{t) is globally 

^0 

tempered with exponent a + 1, (4.1) applies so we have 



/>oo 

(4.7) {X-Ar^f = X^+^ e-^*T„+i 

JO 



it)fdt, ^X>0. 



Plugging (4.7) into (4.5) we sec that the order of integration can be exchanged, since ||rQ.+i(t)A/|| < 
C 11^/11 r+i, if < < < 1, and \\Ta+i{t)Af\\ < C||/||r, if i > 1, by (4.3). Thus we obtain 



CJO 



(_A)-/ = 5i^^/ / e-^'T^^,{t){~Af)dtdX 



Jo Jo \r(a + l) 



T{-a)r{l + a) Jo V r(a + 1) V 

□ 
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There is a useful connection between the algebras T^^^t"), a > 0, (introduced in the previous 
section) and globally temperated integrated semigroups Ta{t). The mapping tTq : T^°'\t°') B{X) 
defined by 

/•oo 

(4.8) 7r„(^)/:-/ M^Xt) T„(t)/ dt, / £ X, ^ G T^^^t"), 



is a bounded Banach algebra homomorphism. Also, 

(4.9) -A^„(^)/ = ^„((^')/ + <P(0)/, 

for every ip £ C^[0,oo) such that (p' G T'-"-'(t"). See [26, Theorem 3.1], where this is shown for p in 
the Schwartz class. The proof works also in the case above. 

We take advantage of the link between Ta{t) and it a to establish a result about perturbations 
of a-times integrated semigroups. For e > 0, it was proved by van Neerven and Straub that an 
e-perturbation of an integrated semigroup of exponential growth is again an integrated semigroup of 
exponential growth, see [35, Proposition 3.3]. We show here that this property remains true if the 
exponential growth is replaced by polynomial, a-homogcneous, growth. 

Theorem 4.2. Let A be the generator of a tempered a-times integrated semigroup Ta{t) C B{X). 
Take s > 0. 

(i) The operator A — s is the generator of an a-times integrated semigroup Ta^^{t) such that 

||r„,e(i)|| <C^ai", t>o, 

where the constant Ca is independent of e. 

(ii) Moreover, for t > and f (z X , 

Ta,s(i)/ = e-^*r„(t)/ + f; (^fje'J^ ^^^^^e---T^{u)fdu. 

We give the proof of Theorem 4.2 divided into several steps. The first one consists of estimating a 
function cji'^ ^ (see (4.10) below) in r(")(P). 



Lemma 4.3. For t > s > 0, 



r(a) V' ; ^\k) A r(a)(fc-l)! 

Proof. By using the Taylor expansion of e™ it is clear that 



r{a) V J (j + l)!r(a) 



J=0 

On the other hand. 



fc=l 



X r(«) (fc-1)! 



^^\k + lj A r(a) kill 



k=0 1=0 

ft 
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where in the last equahty we have appUed the well-known Vandermonde identity (also known as 
Chu-Vandermonde identity). □ 

Proposition 4.4. Take a,e > and t>0. Let (j>f^ be defined by 

fort> s > 0, and 0^Js) := if s > t. Then (j)^^ £ r^"^*") with < r/r(a + 1). 

Proof. For a, e > 0, t > and < s < t, write 

^ Js r(a) (fc-1)! 
so that = Y.t=i Q^'^Ki' ■ Then WF^fis) ^ {t - sf-^e-''/T{k), whence F^f € T^^H^") 
and||F/^/H(„)<t"+V(fc!r(«)). 

Since the radius of convergence of the series > ; TT 

infinite, it follows that cjy^^ £ T^°''>{t"). 

k=l ^ ^ 

Moreover, 

\k-\ 



■ e 



k=l ^ ' k=l 

Thus W"(j)l^{s) = 0, for s>t, and W^"0^^(s) = {ge^aY{t - s)^", for < s < where 



k=l 



By [35, Lemma 2.1], g^^^a is an increasing function in m > 0, and therefore wc have that VF"(/)"g(s) > 
if < s < ' 
Hence 



Ju 



^ifcf I r(a) (fc-1)! 



k=\ 
* (t-H)"-l 

r(a) 



r(a) Jo r(a) ^ 



r(a) ^ fc!(a + fc) - r(a + 1) 
s" /""(s-m)"-! 

where we have used the identity — ; = / — r du in the first equality, and Lemma 4.3 

r(a + l) 7o r(a) 

in the fourth equality. □ 
For z e C, i > and a > 0, define the function R^'^ by i?o ;^ 0, if t = 0, and 

for i > 0. Here xi denotes the indicator function of a given interval /. 
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Recall the definition of niutipliers of commutative Banach algebras as regards the algebra 7"^"'' (i"). 
So, a multiplier of T^°'\t°') is a bounded linear mapping A : r'-°'Ht") ^ r("'(t") such that A{ip*g) = 
ip*A{g) for ah ip,g G T^°'\t°'). It was shown in [13, Proposition 1.5] that the functions i?""^ := i?"o'\ 
t > 0, acting by convolution, are multipliers of the Banach algebra T'"-'(i") such that 

\\Rt~^\\<c^e, t>o. 

We extend such a bound to the family of functions (i?"~^)t_e>o, with a uniform bound independent 
of £ 

Proposition 4.5. For every t, e > 0, the function defines by convolution a multiplier in T'"''(t") 

such that, for some constant C ~ Ca independent of e, < Ct" , for all t > 0. 

Proof By Lemma 4.3, RtJ^ = e^'^'i?^"^ + cjif,^, where (j)^^ € r*"^^") by Proposition 4.4. Also, 
i?""^ is a convolution multiplier of T^^H*") such that < Ct" for every t > 0, sec [13, 

Proposition 1.5]. Therefore R"'^^ defines by convolution a multiplier of T'-"-'(t"), and by Proposition 
4.4, WRfJ^W < e-'^*||i?i""^|| + Ufja < Caf^, as we wanted to show. □ 

Proof of Theorem ^.2. Let A be the generator of a globally tempered a-times integrated semigroup 
Ta{t). Then the bounded homomorphism tt^ : T^^H^") ^ 'S(X) satisfies 7r„(r(")(r))A: = X. The 
map tTq can be extended to the multiplier algebra of T^"-'(<") by defining 

7r„(A)/ 7r„(A(^))g 

for every multiplier A, where G T'"-'(t") and g £ X are such that / = TTa{'~p)g (it is readily seen 
that the definition docs not depend on the choice of if and g). In such a way, one gets the definition 
of 7ra{Rt~^) and, in fact, 

(4.11) ^„(i?r') =ra(t), t>0; 

see [13]. 

By [35, Proposition 3.3], the perturbation Ag is the generator of an a-times integrated semigroup 
Ta,e{t) which is related with Ta{t) through the formula 

T^At)f = e-''TAt)f + £ ^ X)\ ^""^"(^)/'^^ 

for every t > and f £ X. 

By Proposition 4.4 and (4.11), the formula above reads 

r„,,(t)/ = e-^V„(i?r')/ + 'ra(C.)/ = ^c.{Rt7')f, 

for every t > and f E X. Then by Proposition 4.5 and Proposition 4.4 we conclude that 

||r„,,(t)|| <c„r, t>o, 

with Ca independent of e, and the proof is finished. □ 

Remark 4.6. Fix e > 0. Let TTa.e be as in (4.8) with Ta.e{t) in place of Ta{t) (so tTq^o '■= tTq). 
The correspondence ip i — > TTai^e^) from 7~'-"-'(i") into iB(X) is an algebra homomorphism since we 
have that {ip * g)ee = {fCe) * {gee) for every (p,g & T^°^t"). Moreover, TTa^eif) = T^aifee), for all 
ip e r("'(^"): Take e C;?°[0,oo). By [15, Lemma 5.3], 

Veeis) = £ (l)e'e---^W^~''As), s > 0. 



Hence, for every f E X, we have 



7r„,,(^)/= / M^Xi)T„,,(0/di 

e-^*H/"(p(i)r„(t)/dt 
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k=l \ / "'0 



By the density of C^[0, oo) in r*"^*") 

we conclude the result. 

5. Proof of Theorem 1.1 

Proof of Theorem 1.1. First we show that a solution to (1.5) is given by formula (1.6), that is to say, 
by u{z) = 7rQ(&'^'^)/, for / e X and z e 5*7^/4. 
In fact, by Proposition 3.2 (ii), 

dz"^ z dz dt 

in T^°'\t°'), whence we immediately obtain 

for every z £ 8-^/4 and f Cz X. On the other hand, one has 

n^(J-^b'^''yf^-An^{b^^^)f 

by (4.9), so u{z) ~ TTa{b'^'^)f satisfies the differential equation of (1.5). Next, we show that TTa{b'^'^)f 
satisfies the boundary condition in (1.5). 

By using the identity — — — - / [t— s)"^^ ds = — and Fubini's theorem one gets 

r(a) Jo r(a + l) 

/ Wb'^-'it) ^,, dt^ / b'^^'it) dt^i, zeS^/4. 
Jo r(a + 1) 7o 

Take for a moment / e 2?(^). By applying the identity above and (4.3) with n > a one obtains 
«(^) -f=r W^"(&"")(i) (Tn{t) - ^,7^-— A fdt 



POO 

where T„+i(t) = / (t - s)"-"-1T„+i(s)A/ 
Jo 



r(n + i) 



r(n — a) 

Put 6 = 5R(2^). By Proposition 3.2(i) and Lemma 3.1(i), one gets 
\\u{z)-f\\ < / |(6--)(")(t)||iT„+i(i)A/||dt 



+ / W^'-Y''\t)\\\T^{t)--\\\\f\\dt 

<C||fe--l(„)||A/||x/^ 

+ (c+(i/7i!))ii/iiy-i^izp(^+-) / \^ ^. dt 



3?(z2) 
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Whence, for / in I'(A), lim^^o w(z) = / uniformly in 8^^/^^,-) for each fixed r] such that < 77 < 7r/4. 

Since ||u(z)|| = ||7rc,(6'"'^)/|| < C„,<t [w^j "-^'1 ah / e X and V{A) is dense in X one 

obtains that livUz^Q u{z) = / uniformly in S'^/4_^, for every f Cz X . This proves the first part of the 
theorem. 

We now prove the second equality of (1.7). Take n ^ [a] + 1. Since Ta{t) is a globally tempered 
a-times integrated semigroup the family r„(t) given by 

r„(i)/:=r(7i-a)-i f{s-tr-^-^T^{s)fds, f e X, 

Jo 

is a globally tempered (of growth n) n-times integrated semigroup as well. Hence, for f ^ X and 

m(z) = (-1)"— — / _ _- \T„{t)fdt, 

and therefore 

(5.1) -'W = ^y-^/ 4r 2a-i-U— — r„(t)/di. 



4'^r(tT) Jo (it" \ V 2t) 

On the other hand, 

— (2cr-— — — \ dt^ \ 2o--— — rfi = 

That the second integral vanishes can be seen by making the change of variable r = z^/4t for z > 0; 
then the integral is null for every z € 5^/4 by the analytic continuation principle. 
According to the two preceding remarks we have, for every f € X, 

.l-2..,„.^ _ (-1)" rd-ff^^ 



^ ' cr L dt" \ \ 2tJ 1^+" I \ ^ nV J 



4'^r(cr) Jo fit" 

which, once having used the product derivation rule and put a = —z'^ /A, gives us 

fc=0 Tn=0 
rn=0 



cii 



with 



4ar(^) 4<Tr(a) 4'-r(a) r(a + i) ' 

where dg „ and co,n,cr are given by (3.4) and (3.3) respectively. 

Take now / G 2?(^). We are going to see that the additive terms in the expression above of 
z^~'^''u'{z) tend to 0, as a — 0, with the only exception of the term with constant Cq „ „. This last 
term will allow us to obtain the fractional power {—A)'^. 

Actually, for 1 < j < n + 1, 

roo (Ka)/t 



dt 



oo g(SRa)/t 



oo {Ua)/t 
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where we have appHed (4.3) in the first inequality. Moreover, 

by the Dominated Convergence Theorem (use again (4.3) near the origin). 

Then, making z converging to through subsectors of S^^/i, and applying Theorem 4.1, we obtain 

lim .--.'(.) . n^ + n+DVi-.na + l) 

z^o ^ ' 4'^r(cr) r((T + l) r{a + n+l) ^ ' ■' 

2^r(-a) 

" 4-r(a) ^ •'' 

as we wanted to prove. 

Next, we are going to sec that the solution u{z) above satisfies formula (1.8). By Lemma 3.5, 
^<T,z ^ f^a.z ^h-y^ (z s^/^. Thus we have S'^-^e^ = (fe-^'^eg) * {h'^e,) in r^"^*") for every e > 0. 
Moreover, 

(5.2) {e- A)-" ^TTa{e,h''), e > 0; 

see [26, Remark 4.10]. Then, by Proposition 3.2(iii), (4.6), (5.2) and Lemma 3.5, wc get for / G 'D^A) 
that 

u{z)^^,,{b''-')f = lim 7r„(6^'-e,)(£-^)-^(-^)V 

= hm TT^{W^'e,)^^{h-e,){-AYf= lim ^^{B^^^- e,){^AY f , 

uniformly in z running over compact subsets of 3^^/^. Thus (1.8) is proved. 

Formula (1.9) is rightly obtained from the above. In fact, that formula can be written as 

(5.3) u{z)^f^^^{B-^^~h"){-AYf. 

To see that (5.3) holds one only needs to apply the limit above and Proposition 3.6 (ii): 

u{z)-f= lim {^^{B-^''e,){~Ar f - ^^{h''e,){-Ar f) 

= hm TT, {{B'^^' - h-)e,) {^Arf 

£-i>0 + 

= n^{B^'' ~ h''){^Ar f. 

It remains to prove the characterization of the fractional power (— A)"^ which is indicated in the 
first equality of formula (1.7). Notice that 



r(cr) Jo dt^ \ ii-'^ / n! T{a) Jo 
A-" 



-^dt= —— / dt 



Via) 

4- 







'^-^(e-i/''- l)dr 

e""dus~(^+'"' ds 



r(fT) Jo 

r..-.„-...,_ r(-a) 



Hence, 



aT{a) Jo 4-r(a) 
z-^^{u{z)- f)-c,{-Arf 

-^V(4t) _ l\ / t 
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^ — 2a poo 



r(CT) Jy/u{i^ df^ \ t 



1-cr 



T,,+,{t)A{-Arfdt 



Thus 



iz-^-(u(z)-/)-c.(-Ar/| 

U|-2<T 



<c^yw^iiA(-Ar/i 



'2a roo 



c- 



f'dt 



dt^' 



edt. 



Then the first member of the right hand of tlic inequality is bounded by 



< a, , 



5R(z2) 



by (3.6), whereas the second member is bounded by 

/ I _ g-9?(z=^)/(4t)^ 



c 



:1 m=l 

3fi(z2) 



,k\Z\ 

k=l m=l 

,2^ \ /-oo 



-2<T 



4 



|z2| 



fc=l m=l 



5R(z2) 



1 - e-i/(4. 



j-SR(z^)/(4t) 
ds 

p-l/(4s) 



2'; S 



m+1 — (T 



ds. 



Putting all the preceding estimates together one obtains that, as it was claimed, lim^_>o z~'^'^{u{z) — 
/) = Ca{—AYf, f £ 'DiA), through subsectors of S^/^. We have proved all the formulas of the 
theorem. 

Finally, the boundedness of the solution u on subsectors of 5^/4 is easy to show. Take n > a. Since 
A is also the generator of the integrated semigroup T„(f) defined in (4.2), it follows by (1.6) applied 
to Tn{t) and Proposition 3.2 (i) that 

2 1 \ ri+(T 



as we wanted to show. 



I/II 



di" 



7(4t) 



r dt<Cn, 



3?(z2 



11/11, zeS^/^, 



□ 
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